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Abstract
This paper discusses tetrahedra with rational edges forming an arithmetic progression, fo-
cussing speciﬁcally on whether they can have rational volume or rational face areas. Several
inﬁnite families are found which have rational volume, a face can have rational area only if its
edges are themselves in arithmetic progression, and a tetrahedron can have at most one such
rational face area.
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1. Introduction
Heron triangles, that is, triangles with integer edges and integer area, have been
much studied. In fact a complete parametrization has been known for centuries [4].
We note that a triangle with rational edges and area can be scaled up to one having
integer edges and area so that the problem can be recast in terms of rationals instead
of integers. We will call a triangle rational if all its edges have rational length.
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Fig. 1.
Buchholz and MacDougall in [3] searched for rational triangles having rational area
and whose edges formed an arithmetic progression, b − d, b, b + d. Inﬁnitely many
exist and are described by a simple relation between b and d.
In [1], Buchholz has investigated a natural generalization of Heron triangles to three
dimensions. He deﬁnes a perfect pyramid as a tetrahedron with integer edges, face
areas and volume, and he has discovered an inﬁnite family of them. As noted above,
the search is equivalent to searching for tetrahedra with rational edges, which we call
rational tetrahedra, with rational face areas and rational volume.
With six edges as independent variables, the problem is far too difﬁcult to attack in
general, so one begins by imposing restrictions on the edges in the hope of producing
workable special cases. Buchholz takes the approach of equating some of the edge
lengths so that the tetrahedra have only one, two or three different edge lengths. Inspired
by the striking example in Fig. 1 and the successful investigation in [3], we have decided
to investigate those tetrahedra whose edges form an arithmetic progression.
The area  of a triangle can be expressed in terms of its edges u, v,w using Heron’s
formula, which we write in the form
(4)2 = (u+ v + w)(−u+ v + w)(u− v + w)(u+ v − w).
There is an analogous formula for the volume of a tetrahedron in terms of its six edges,
which is not well-known
(12V )2 = (u2+ x2)(−u2x2+ v2y2+ w2z2)+(v2+ y2)(u2x2− v2y2+ w2z2)
+ (w2+z2)(u2x2+ v2y2− w2z2)− u2v2w2− u2y2z2− v2x2z2− w2x2y2.
A nice derivation of this result is given in [1]. Unlike Heron’s formula for the triangle,
the conﬁguration of the edges affects the volume of a tetrahedron. The picture in
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Appendix A indicates the conﬁguration applicable to the formula as it is written above.
This equation for the volume forms the basis of much of our work.
Perfect pyramids are rare, and we will show that no tetrahedron with edges in
arithmetic progression can be perfect. So we adopt two less ambitious goals: we will
search for rational tetrahedra with edges in arithmetic progression
(1) whose volume is rational, or
(2) which have at least one rational face area.
Our search frequently leads us to a need to ﬁnd rational points on elliptic curves.
2. Tetrahedra with edges in arithmetic progression
There are 30 ways of constructing a tetrahedron with edges b − 2d, b − d, b, b +
d, b + 2d, b + 3d, where b, d ∈ Q+, 0 < 2d < b. 1 Some of these conﬁgurations
have one or more faces whose edges also form an arithmetic progression. We list the
thirty conﬁgurations in Appendix A and identify them by a numbering scheme which
indicates how many of their faces have edges in arithmetic progression. For example,
the conﬁgurations numbered A3.1 and A3.2 have three faces with edges in arithmetic
progression.
In all there are 20 possible face conﬁgurations; exactly six of these have edges in
arithmetic progression. Appendix C lists the faces and gives each a number. The num-
bers are assigned lexicographically according to the edges they contain. For example,
(b − 2d, b, b + 2d) comes before (b − d, b, b + 2d) but after (b − 2d, b − d, b + 2d).
The last part of a tetrahedron number in Appendix A is assigned according to the face
numbers the tetrahedron contains.
Although there are six faces with edges in arithmetic progression, we are able to
show fairly easily that a single tetrahedron can have not more than three. Suppose there
exists a tetrahedron with all four faces having edges in arithmetic progression. Each
edge appears in exactly two of the faces of any tetrahedron. The edge b − 2d only
appears in two faces which have edges in arithmetic progression, so both of those faces
must be included. However, b also appears in both of those faces. Since we cannot
have two faces with two common edges, one of the faces cannot be included and we
have a contradiction.
3. Tetrahedra with rational volume
First, we note that the 30 families of tetrahedra form 15 pairs. If we allowed d < 0,
say d = −d ′ for d ′ > 0, then we would have
b − 2d = b′ + 3d ′, b − d = b′ + 2d ′, b = b′ + d ′,
b + d = b′, b + 2d = b′ − d ′, b + 3d = b′ − 2d ′.
1 Although the relationship between b and d may be stricter due to the triangle inequality applicable
to each face.
60 C. Chisholm, J.A. MacDougall / Journal of Number Theory 111 (2005) 57–80
If we express the edges of one member of a pair in terms of b and d, and the edges
of the other in terms of b′ and d ′, then we get the same equations for the volume and
face areas of both.
The volume of a tetrahedron may be found via the equation given in Section 1. We
evaluated this expression for each of the 30 cases. The formulae we obtained for (12V )2
for the 30 conﬁgurations are listed in Appendix B. Twenty four of these equations are
irreducible polynomials of degree 6 and form genus 2 curves. The remaining six can
be factored into a square and a (not necessarily irreducible) quartic.
Faltings proved in 1983 [5] that equations with genus greater than 1 have only
ﬁnitely many rational solutions, so we can immediately say the following:
Remark 3.1. Let T be a family of tetrahedra with rational edges in arithmetic progres-
sion. If T has conﬁguration A2.1–A2.4, A1.1–A1.12, A1.14, A1.16–A1.18 or A0.1–
A0.4, then there are at most ﬁnitely many T ∈ T with rational volume.
We will in fact show that each of these 24 families contains no tetrahedron with
rational volume. But, ﬁrst we examine the six remaining families of tetrahedra and
determine whether any of them contain any tetrahedra with rational volume.
4. Volumes with quartic factors
Due to the pairing described in Section 3, we need only examine one equation for
each pair. The three pairs of families for which (12V )2 is reducible are A3.1 and A3.2,
A2.5 and A2.6, and A1.13 and A1.15. We begin with families A3.1 and A3.2.
For A3.1 and A3.2 we have
(12V )2 = b2(2b4 + 6b3d − 61b2d2 − 240bd3 − 256d4).
This can be rewritten as
s2 = 2r4 + 6r3 − 61r2 − 240r − 256, (4.1)
where r = b
d
and s = 12V
bd2
.
We now have an equation which can be transformed into an elliptic curve, and we
can apply standard techniques to determine the set of rational points. Eq. (4.1) has
rational point (r, s) = (−9, 72) so we can use Mordell’s birational transformation [6,
Chapter 10] from the quartic to a cubic once we have the quartic in the required form.
Substituting r = t − 9 into (4.1), multiplying by 722
t4
and putting u = 72
t
, w = 72s
t2
we arrive at the monic equation
w2 = u4 + 56u3 + 851u2 + 5040u+ 10 368.
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To remove the cubic term, let u = z− 14. Then
w2 = z4 − 325z2 + 3164z− 8644.
Applying Mordell’s transformation gives the cubic in Weierstrass form
Y 2 = 4X3 − 1897
12
X − 315 829
216
,
where w = −z2 + 2X + 3256 , z = Y−7912(X−325/6) .
Multiplying by 4236 and putting x = 36X, y = 108Y we get the elliptic curve in
standard form.
E : y2 = x3 − 51 219x − 17 054 766. (4.2)
We will use reduction modulo p to ﬁnd Etors(Q), the subgroup consisting of points
of ﬁnite order. Since the discriminant of E is DE = −210321683, there is good re-
duction mod 5 and 7. Modulo 5, we have y2 ≡ x3 + x + 4, which has solutions
(0, 2), (0, 3), (1, 1), (1, 4), (2, 2), (2, 3), (3, 2), (3, 3). Thus, together with O, we get
|E˜(F5)| = 9. Modulo 7, we have y2 ≡ x3 + 6, which has solutions (1, 0), (2, 0), (4, 0)
which together with O gives |E˜(F7)| = 4. The order of Etors(Q) must divide the orders
of E˜(F5) and E˜(F7), so clearly we have Etors(Q) = {O}.
There is no rational point of order two, so the elementary technique for ﬁnding the
rank, which is described in [7, Chapter III, Section 6], cannot be used. We rely on the
accuracy of the software package Magma which gives E(Q) ∼= Z. The generator of
E(Q) is the point (1950, 85 428).
Following the birational transformations back and applying the Triangle Inequality
to each of the faces, we ﬁnd that points on the curve give tetrahedra of conﬁguration
A3.1 with rational volume when
−9(y + 36x + 15 228)
y + 84x − 78 372 > 3 (4.3)
and of conﬁguration A3.2 when
8(y − 30x − 26 928)
y − 84x + 78 372 > 6. (4.4)
Points with x coordinates in the following example ranges satisfy these inequalities.
For 350x700 with y > 0, inequality (4.3) holds, and for x750 with y < 0,
inequality (4.4) holds.
There are points in both of these ranges. For A3.1 we ﬁnd that 2(1950, 85 428)
corresponds to the solution (b, d, V ) = (578 385, 36 983, 23 526 783 340 621 392). For
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A3.2, the point −(1950, 85 428) corresponds to the solution (8, 1, 48), which is the
remarkable tetrahedron described in Fig. 1. If E(Q) is inﬁnite and E has only one real
component, then E(Q) is dense in E(R) [2]. Since E has only one real component
and there are points on E with x in the appropriate ranges, there are inﬁnitely many
points with x in these ranges. Thus we have proved the following.
Theorem 4.1. For each of the conﬁgurations A3.1 and A3.2, there is an inﬁnite family
of tetrahedra with rational volume.
We next consider cases A2.5 and A2.6. The equation
(12V )2 = (b + d)2[(b + d)(2b3 − 99bd2 − 241d3)]
can be rewritten
s2 = (r + 1)(2r3 − 99r − 241),
where r = b
d
, s = 12V
d2(b+d) . Since we have a rational root, we transform the quartic to
a cubic using the transformation described by Silverman and Tate in [7, p. 35] with
 = −1, = −1. Then we get
u2 = 144t3 − 93t2 + 6t + 2,
where t = −1
r+1 , u = s(r+1)2 . Multiplying by 1442 and putting w = 144t, y = 144u we
get
y2 = w3 − 93w2 + 864w + 41472.
Translating by w = x + 31, we end up with the elliptic curve
E : y2 = x3 − 2019x + 8674. (4.5)
As before, reduction modulo p quickly ﬁnds Etors(Q). The discriminant of the curve
is 2103713·1061, so we have good reduction mod 5 and 7. Modulo 5, we again have
y2 ≡ x3 + x + 4, so |E˜(F5)| = 9. Modulo 7, we have y2 ≡ x3 + 4x + 1, which has
solutions (0, 1), (0, 6), (4, 2), (4, 5) and O. Consequently, |E˜(F7)| = 5 and since the
order of Etors(Q) divides both 9 and 5, we get Etors(Q) = {O}.
Since the cubic in Eq. (4.5) is irreducible, we again resort to Magma to ﬁnd the
rank. The rank calculated by Magma is 0, so the curve E has no rational points at all.
Thus we have
Theorem 4.2. No tetrahedron in families A2.5 or A2.6 can have rational volume.
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Proceeding with cases A1.13 and A1.15 we ﬁnd
(12V )2 = (b + 4d)2(2b4 − 10b3d − 45b2d2 − 40bd3 − 16d4)
or
s2 = 2r4 − 10r3 − 45r2 − 40r − 16,
where r = b
d
, s = 12V
d2(b+4d) . The point (−4, 24) lies on this curve, so let r = t − 4,
multiply by 242
t4
and put u = 24
t
, v = 24s
t2
to get the monic quartic
v2 = u4 − 28u3 + 267u2 − 1008u+ 1152.
Translating by u = w + 7 to remove the cubic term we get
v2 = w4 − 27w2 − 14w − 24,
which can be transformed into
Y 2 = 4X3 − 147
4
X − 1495
8
via Mordell’s transformation. Finally multiplying by 42 and letting x = 4X, y = 4Y
we get the elliptic curve in standard form
E : y2 = x3 − 147x − 2990. (4.6)
As in the previous cases, we ﬁrst ﬁnd Etors(Q). The discriminant is −21035919.
Reduction mod 5 yields |E˜(F5)| = 10, and reduction mod 7 yields |E˜(F7)| = 4. Thus,
the common subgroup is either trivial or has order 2. Since f (x) = x3 − 147x − 2990
has no rational root there is no rational point of order two, and so Etors(Q) = {O}.
Magma gives the rank to be 2, so E(Q) ∼= Z2. The generators of E(Q) are the points
(18, 14) and (30, 140).
Following all the birational transformations back and applying the Triangle Inequality
to each of the faces, we ﬁnd that points on the curve give tetrahedra of conﬁguration
A1.13 with rational volume when
−4(y + 2x − 22)
y + 14x − 238 > 3 (4.7)
and of conﬁguration A1.15 when
3(y + 2x − 50)
y − 14x + 238 > 5. (4.8)
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Points with x coordinates in the following example ranges satisfy these inequalities.
For 25x150 with y < 0, inequality (4.7) holds, and for 200x1300 with y > 0,
inequality (4.8) holds.
There are points in each of these ranges. For A1.13, the point −(30, 140) corre-
sponds to the solution (b, d, V ) = (68, 7, 24 768). Conﬁguration A1.15 has a solution
(2643, 433, 1 715 720 832) which corresponds to the point −2(18, 14). The curve E has
only one real root so E(Q) is dense in E(R). Since there are points on E with x in
the appropriate ranges, there are inﬁnitely many points with x in these ranges. Thus
we have proved the following.
Theorem 4.3. For each of the conﬁgurations A1.13 and A1.15, there is an inﬁnite
family of tetrahedra with rational volume.
5. Volumes with irreducible sextics
While the theory of rational points on elliptic curves resolved six of the 30 con-
ﬁgurations of tetrahedra, a different approach will be required for the remaining 24,
where the volume is given by an irreducible sextic. It turns out that straightforward
congruence arguments will sufﬁce, so we convert the equations to integer form. Let
b = B
C
, d = D
C
, V = V ′
C3
, where B,C,D ∈ Z, and assume (B,D) = 1 since the
right-hand side of our equation becomes a homogenous sextic in B and D and we can
therefore divide out any common divisor of B and D. It can be shown that 4 always
divides 12V ′, although we may or may not have 12V ′ divisible by 3. After substituting
into each of the 24 equations and multiplying by C6, we ﬁnd that 12V ′ is an integer,
although V ′ may not be.
For each of the 24 families of tetrahedra, (12V ′)2 is congruent to one of the following
(modulo 3).
1. 2B6 (Tetrahedra A1.12, A2.2),
2. 2B6 + B3D3 + 2D6 (Tetrahedra A1.3, A2.4),
3. 2B6 + 2B3D3 + 2D6 (Tetrahedra A1.7, A2.1, A2.3),
4. 2B6 + 2B4D2 + 2B3D3 + 2B2D4 + BD5 + 2D6
(Tetrahedra A0.1, A0.3, A1.1, A1.4, A1.5, A1.6, A1.17, A1.18),
5. 2B6 + 2B4D2 + B3D3 + 2B2D4 + 2BD5 + 2D6
(Tetrahedra A0.2, A0.4, A1.2, A1.8, A1.9, A1.10, A1.11, A1.14, A1.16).
Using Fermat’s little theorem, Cases 4 and 5 are both congruent to 2B2 + B2D2 +
2D2 (mod 3). We need B and D which make this a square. Since (B,D) = 1 there are
two possibilities; B2 ≡ D2 ≡ 1, and B2 ≡ D2 (mod 3). Both of these give (12V ′)2 ≡
2 (mod 3) which has no solution. Hence, there are no B and D which give rational V ′
for the 17 families of tetrahedra which have (12V ′)2 ≡ 2B2 + B2D2 + 2D2 (mod 3).
We have proved
Theorem 5.1. There are no tetrahedra with rational volume in families A0.1–A0.4,
A1.1, A1.2, A1.4–A1.6, A1.8–A1.11, A1.14 and A1.16–A1.18.
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We examine the remaining three cases. Modulo 3, and applying Fermat’s little theo-
rem, Case 1 is congruent to 2B2, Case 2 is congruent to 2B2+BD+2D2 and Case 3
is congruent to 2B2 + 2BD + 2D2. The solutions for each of these cases are
Case 1: B ≡ 0 (3) gives (12V ′)2 ≡ 0 (3);
Case 2: B2 ≡ D2 ≡ 1 (3), but B ≡ D (3), gives (12V ′)2 ≡ 0 (3); and
Case 3: B ≡ D ≡ 0 (3) gives (12V ′)2 ≡ 0 (3).
Note that V ′ ∈ Z in all cases since (12V ′)2 ≡ 0 (3).
We now examine the remaining families of tetrahedra modulo 4. Clearly (12V ′)2 is
divisible by four and so we want B,D such that 0 is congruent to
6. 2B6 + 2B5D + 3B4D2 (Tetrahedron A2.3),
7. 2B6 + 2B5D + 3B4D2 + 2BD5 + 3D6 (Tetrahedron A2.1),
8. 2B6 + 2B5D + 3B4D2 + 3B2D4 + 2BD5 + 3D6
(Tetrahedra A1.3, A1.7, A1.12, A2.2, A2.4).
For Case 8, if one of B and D is even we have 2B6+3D6 ≡ 0 which implies both are
even, contradicting (B,D) = 1. If they are both odd, then 2B5D+ 2BD5 ≡ 4BD ≡ 0
and hence 2B6 + 3B4D2 + 3B2D4 + 3D6 ≡ 2 + 3 + 3 + 3 ≡ 0 (4). So none of the
Case 8 conﬁgurations can have tetrahedra with rational volume.
Theorem 5.2. There are no tetrahedra with rational volume in families A1.3, A1.7,
A1.12, A2.2 and A2.4.
For A2.3, we can factor out B4 and see immediately that (12V ′)2 ≡ 0 (4) forces B
to be even and D to be odd.
For A2.1, if one of B and D is even, then all terms except 3D6 or 2B6 are automati-
cally divisible by 4. This implies that both B and D are even, contradicting (B,D) = 1.
If B,D both odd, then 2B6 + 3B4D2 + 3D6 ≡ 2+ 3+ 3 ≡ 0 (4).
Conﬁgurations A2.1 and A2.3 also fall into Case 3, with possible solutions B =
3B + 1 and D = 3D + 1, or B = 3B − 1 and D = 3D − 1. We look at A2.1 ﬁrst.
Substituting B = 3B + 1 and D = 3D + 1 into
(12V ′)2 = 2B6 + 6B5D − 45B4D2 − 40B3D3 + 84B2D4 + 90BD5 − 241D6 (5.1)
and dividing by 9, we get
(4V ′)2 = 162B6+486B5+135B4−360B3−216B2+486B5D−1620B4D−3780B3D
−1512B2D+432BD−3645B4D2−8100B3D2−1134B2D2+4104BD2
−3240B3D3+5832B2D3+13068BD3+6804B2D4+16686BD4+7290BD5
−288D−2376D2−10872D3−27729D4−36612D5−19521D6−16.
All of these terms are divisible by 3 except for the constant term. So we have
(4V ′)2 ≡ 2 (mod 3).
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Since the squares mod 3 are 0 and 1, no such V ′ can exist. Substituting B = 3B−1 and
D = 3D−1 into (5.1) gives the same congruence, as does substituting B = 3B±1 and
D = 3D ± 1 into the equation for conﬁguration A2.3. We are ﬁnally able to conclude
Theorem 5.3. There are no tetrahedra with rational volume in families A2.1 and A2.3.
In summary, we have determined the following.
Theorem 5.4. Let T be a tetrahedron with rational edges in arithmetic progression.
Then T has rational volume if and only if it has conﬁguration A3.1, A3.2, A1.13 or
A1.15. Furthermore, each of these four families contains an inﬁnite number of such
tetrahedra.
6. Tetrahedra with rational face areas
In this section, we no longer concern ourselves with the volumes of the tetrahedra,
but instead consider the face areas. While there are a number of questions we can ask
about the face areas, we limit ourselves to the following:
Q1. Can any of the faces of a tetrahedron have rational area?
Q2. Can two or more faces have rational area simultaneously?
Q3. Can all faces have rational area simultaneously?
A negative answer to any of these would prove that there are no perfect pyramids with
edges in arithmetic progression.
If a face of a tetrahedron has its edges in arithmetic progression (these faces are
referred to as type A in Appendix C) then, as proved in [3], it can have rational
area for appropriate choices of b and d. So Q1 is already answered positively for the
tetrahedra whose numbers do not begin with 0. There are 14 faces whose edges are
not in arithmetic progression (i.e. of type B or C—see Appendix C). If none of these
faces can have rational area, then we need only check pairs of type A faces to answer
Q2. If some of them can have rational area, we need to determine which ones before
we can answer Q2.
Appendix C lists the equations for (4)2 in terms of b and d, where  is the area of
the face, for each of the 20 possible faces. Congruence arguments provided an efﬁcient
method for looking at the volume, so we will begin with that approach for the faces.
It can be easily shown that  is an integer if and only if b and d are integers. So we
will assume that b, d ∈ Z with (b, d) = 1.
Theorem 6.1. Type B and type C faces cannot have rational area simultaneously.
Proof. For all type B faces the equation for (4)2 is congruent to 3b4 (mod 4). Since
4 is congruent to 0 (mod 4), if any b, d satisfy the equations, b must be even and
hence d is odd.
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For all type C faces, we have (4)2 ≡ 3b4+2b2d2+3d4 (mod 4) which is equivalent
to 0 ≡ −(b2 − d2)2 (mod 4). Then b2 ≡ d2 (mod 4) together with (b, d) = 1 gives b, d
both odd. 
Corollary 6.2. Let T be a tetrahedron with rational edges in arithmetic progression.
If T has a face of type B and a face of type C, then T is not a perfect pyramid.
This does not reveal whether any type B or C face can have rational area. The
equations for (4)2 can all be transformed into elliptic curves so we shall use that
approach, assuming b, d ∈ Q, to solve these cases conclusively. Once the elliptic
curves corresponding to the faces are known, the rational points on these curves must
be found.
Standard transformations similar to those used in Section 4 transform the 14 equations
for (4)2, corresponding to the 14 type B and C faces, into one of the following four
elliptic curves:
E1 : y2 = x3 − 1323x − 7722 (Faces A2, A5, A12, A14, A18, A19),
E2 : y2 = x3 − 4563x + 13 662 (Faces A3, A8, A13, A16),
E3 : y2 = x3 − 147x + 286 (Faces A4, A10),
E4 : y2 = x3 − 9747x − 285 714 (Faces A7, A9).
We must examine each of the curves E1, . . . , E4 for rational points. Since the tech-
niques are standard (and rather lengthy) we will study only the curve E1 in detail and
simply report the results for the other three curves.
Theorem 6.3. The only rational points on the elliptic curve y2 = x3−1323x−7722 are
(−6, 0), (−33, 0) and (39, 0), and none of these points corresponds to a non-degenerate
triangle.
Proof. We ﬁrst look for the torsion subgroup. The curve can be written y2 = (x +
6)(x+ 33)(x− 39), so E1tors(Q) has three points of order 2, namely (−6, 0), (−33, 0)
and (39, 0). The discriminant is 2631452 so we have good reduction modulo 7. Modulo
7 we have y2 ≡ x3 + 6 which has solutions (1, 0), (2, 0), (4, 0). Together with O this
gives |E˜1(F)| = 4, so E1tors(Q) = {O, (−6, 0), (−33, 0), (39, 0)}.
If any of these three points are followed back through the transformations for face
A2, we see that y = 0 ⇔  = 0. Since  is not positive, this point of ﬁnite order on
the curve does not correspond to a solution for face A2 (and similarly for the other
faces).
The curve E1 has a rational point of order 2 and so its rank might be found via the
process described in [7, Chapter III, Section 6]. The ﬁrst step is to remove the constant
term. Put x = 9X − 6, y = 27Y and divide by 272 to get
E′1 : Y 2 = X3 − 2X2 − 15X
and then construct the related curve
E¯′1 : Y 2 = X3 + 4X2 + 64X.
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To ﬁnd |(E′1)|, we must determine how many of the following six equations have
solutions with M, e = 0 and M, e,N pairwise relatively prime.
N2 = −M4 − 2M2e2 + 15e4, (6.1)
N2 = 3M4 − 2M2e2 − 5e4, (6.2)
N2 = −3M4 − 2M2e2 + 5e4, (6.3)
N2 = 5M4 − 2M2e2 − 3e4, (6.4)
N2 = −5M4 − 2M2e2 + 3e4, (6.5)
N2 = 15M4 − 2M2e2 − e4. (6.6)
Consider Eqs. (6.1), (6.2), (6.5) and (6.6) modulo 4. In each case, we have N2 ≡
−(M2 + e2)2. The only allowable solution is M, e odd. Substituting M = 2m+ 1, e =
2E+1 into the four equations and again considering them modulo 4 we have N2 ≡ 3,
which is not possible. So there are no solutions to these equations. Eqs. (6.3) and
(6.4) have solution (M, e,N) = (1, 1, 0). Since (O) = 1 and (0, 0) = −15, we have
|(E′1)| = 4.
To ﬁnd |(E¯′1)|, we must determine how many of the following equations have
solutions with M, e = 0 and M, e,N pairwise relatively prime.
N2 = −M4 + 4M2e2 − 64e4, (6.7)
N2 = 2M4 + 4M2e2 + 32e4, (6.8)
N2 = −2M4 + 4M2e2 − 32e4, (6.9)
N2 = −4M4 + 4M2e2 − 16e4, (6.10)
N2 = 8M4 + 4M2e2 + 8e4, (6.11)
N2 = −8M4 + 4M2e2 − 8e4, (6.12)
N2 = −16M4 + 4M2e2 − 4e4, (6.13)
N2 = 32M4 + 4M2e2 + 2e4, (6.14)
N2 = −32M4 + 4M2e2 − 2e4, (6.15)
N2 = −64M4 + 4M2e2 − e4. (6.16)
Consider Eqs. (6.7)–(6.9) and (6.14)–(6.16) modulo 4. In each case, the only solution
is N even and either M or e even which contradicts M, e,N pairwise relatively prime.
For Eqs. (6.10)–(6.13) we must have N = 2n. Divide each equation by 4 to get
n2 = −M4 +M2e2 − 4e4, (6.17)
n2 = 2M4 +M2e2 + 2e4, (6.18)
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n2 = −2M4 +M2e2 − 2e4, (6.19)
n2 = −4M4 +M2e2 − e4. (6.20)
Now n20. For Eq. (6.17) this implies that max{M4, e4}M2e2M4 + 4e4 which
is not true for non-zero M, e. Similarly, Eqs. (6.19) and (6.20) have no solutions.
Finally, Eq. (6.18) has no solutions modulo 3 for relatively prime M, e. Since (O) =
1 = (0, 0), we have |(E¯′1)| = 1. Therefore the rank of E1 is 0 and so E(Q) ={O, (−6, 0), (−33, 0), (39, 0)}. 
For the elliptic curves E2, E3 and E4, the 3 points of order 2 are the only ﬁnite
points and they all correspond to  = 0 in a similar way to the rational points
on E1. Consequently, we have proved that no type B or type C face has rational area.
Combining this with [3, Theorem 1] we have the following result in answer to Q1.
Theorem 6.4. Let T be a tetrahedron with rational edges in arithmetic progression.
A face F of T has rational area if and only if the edges of F have the form b−d, b, b+d
and d = b(1−3t2)2(1+3t2) for some non-zero t ∈ Q.
Since every tetrahedron has at least one face of type B or C, Q3 is answered
negatively.
Corollary 6.5. Let T be a tetrahedron with rational edges in arithmetic progression.
Then T is not a perfect pyramid.
7. Pairs of faces with rational area
Despite the negative result in our search for perfect pyramids, we are still interested
in the answer to Q2. We begin by looking at whether pairs of faces with edges in
arithmetic progression can have rational area for the same b and d. There are six type
A faces. Applying [3, Theorem 1] to each of them, the following formulae for d give
rational area for rational t < 1√
3
:
A1 : d = b(1− 3t
2)
3(1+ t2) , A15 : d =
b(1− 3t2)
3(1+ 5t2) , A17 : d =
b(1− 3t2)
(1+ 9t2) ,
A6 : d = b(1− 3t
2)
4(1+ 3t2) , A11 : d =
b(1− 3t2)
2(1+ 3t2) , A20 : d =
b(1− 3t2)
12t2
.
There are 15 ways of combining these faces in pairs. However, nine of these pairings
do not occur within any of the tetrahedra, so only six of the pairings are of interest.
These are the three pairings of A1, A15 and A17, and the three pairings of faces A6,
A11 and A20.
Theorem 7.1. Faces A1 and A15 cannot both have rational area.
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Proof. For A1 and A15 both to have rational area we need
b(1− 3t2)
3(1+ t2) =
b(1− 3s2)
3(1+ 5s2)
for some rational |s|, |t | < 1√
3
. Rearranging, and putting t = T
U
, where T ,U ∈ Z have
(T , U) = 1, this becomes
s2 = T
2
2U2 − 3T 2 .
Since the left-hand side is a rational square, we need 2U2−3T 2 = X2 for some X ∈ Z.
Notice that
2U2 − 3T 2 = X2 ⇔ 2U2 ≡ X2 (mod 3)⇔ U ≡ X ≡ 0(3).
So 9|2U2 − X2 ⇔ 9|3T 2 ⇔ 3|T , contradicting (T , U) = 1. So faces A1 and A15
cannot both have rational area. 
Theorem 7.2. Faces A1 and A17 cannot both have rational area, and neither can
faces A11 and A20.
Proof. For A1 and A17 to both have rational area we need
b(1− 3t2)
3(1+ t2) =
b(1− 3s2)
(1+ 9s2)
for some rational |s|, |t | < 1√
3
. Rearranging, this becomes
(3s)2 = 1+ 3t
2
1− t2 ,
The pairing of A11 and A20 reduces to this same equation.
Let t = T
U
for T ,U ∈ Z, (T , U) = 1. Then
(3s)2 = U
2 + 3T 2
U2 − T 2
and either U2+ 3T 2 and U2− T 2 have a common square-free divisor, or they do not.
That is
U2 + 3T 2 = KX2 and U2 − T 2 = KY 2, K > 1
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or
U2 + 3T 2 = X2 and U2 − T 2 = Y 2,
where K,X, Y ∈ Z, K is square-free.
Looking at the ﬁrst possibility, K|U2+3T 2 and K|U2−T 2 so K|U2+3T 2−U2+
T 2 = 4T 2 ⇔ K|T or K = 2. If K|T , then K|U2 − T 2 implies K|U contradicting
(T , U) = 1. So K must equal 2, i.e. U2+ 3T 2 = 2X2 and U2− T 2 = 2Y 2. Modulo 3,
U2 + 3T 2 = 2X2 is equivalent to U2 ≡ 2X2(3). Then U = 3U ′, X = 3X′, for some
U ′, X′ ∈ Z, and 9(U ′)2 + 3T 2 = 18(X′)2 ⇔ 9|3T 2 ⇔ 3|T . But then (T , U) = 1, so
U2 + 3T 2 and U2 − T 2 do not have a common square-free divisor.
The remaining possibility is that U2+3T 2 = X2 and U2−T 2 = Y 2, or equivalently,
1 + 3t2 = x2 and 1 − t2 = y2 ⇔ t2 = 1 − y2 for t, x, y ∈ Q. Then 1 + 3(1 − y2) =
x2 ⇔ ( x2
)2 + 3 ( y2
)2 = 1 which has solutions x = 2(1−3m2)1+3m2 , y = 4m1+3m2 for m ∈ Q.
Substituting back into t2 = 1 − y2 we get t2 = 1−10m2+9m4
(1+3m2)2 . So we need to ﬁnd m
such that 1− 10m2 + 9m4 = v2, for v ∈ Q, and t2 < 11
3
. This immediately rules out
m = 0.
Substituting m = w − 1 gives
v2 = 9w4 − 36w3 + 44w2 − 16w.
Multiplying by 4
w4
and putting x = −4
w
, y = 2v
w2
gives the elliptic curve
E : y2 = x3 + 11x2 + 36x + 36
= (x + 6)(x + 3)(x + 2).
The discriminant of E is 2432. By the strong form of Nagell–Lutz, if (x, y) is an
element of Etors(Q) then y2 may equal 4, 9, 16, 36 or 144. Calculations show that
Etors(Q)= {O, (−2,0), (−3,0), (−6,0), (−4,−2), (−4,2), (0,−6), (0,6)}∼= Z2 ⊕ Z4.
Following the transformations back we have (x, y) =
( −4
m+1 ,
2v
(m+1)2
)
, so y = 0 implies
v = 0; x = 0 gives no solution; and x = −4 implies m = 0. Since v = 0 ⇔ t = 0
gives b = 3d for A1 and A17, when the triangle inequality requires b > 3d for A1,
none of these points correspond to a solution for A1 and A17. For A20 we cannot
have t = 0, so these points do not give solutions for A11 and A20 either.
The curve E has rational points of order 2, so we can again use the method exhibited
in the proof of Theorem 6.3. This shows that E(Q) = Etors(Q) = {O, (−2, 0), (−3, 0),
(−6, 0), (−4,−2), (−4, 2), (0,−6), (0, 6)}. Thus, the paired faces A1 and A17, and
A11 and A20, cannot simultaneously have rational area. 
Theorem 7.3. Faces A15 and A17 cannot both have rational area, and neither can
faces A6 and A11.
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Proof. For A15 and A17 to both have rational area we need
b(1− 3t2)
3(1+ 5t2) =
b(1− 3s2)
(1+ 9s2)
for some rational |s|, |t | < 1√
3
. Rearranging, this becomes
(3s)2 = 1+ 9t
2
1+ t2 .
The pairing of A6 and A11 reduces to this same equation.
Let t = T
U
for T ,U ∈ Z, (T , U) = 1. Then
(3s)2 = U
2 + 9T 2
U2 + T 2
and either U2+ 9T 2 and U2+ T 2 have a common square-free divisor, or they do not.
That is
U2 + 9T 2 = KX2 and U2 + T 2 = KY 2
or
U2 + 9T 2 = X2 and U2 + T 2 = Y 2,
where K,X, Y ∈ Z, K is square-free.
Looking at the ﬁrst possibility, K|U2+9T 2 and K|U2+T 2 so K|U2+9T 2−U2−
T 2 = 8T 2 ⇔ K|T or K = 2. If K|T , then K|U2 + T 2 implies K|U contradicting
(T , U) = 1. So K must equal 2, i.e. U2+ 9T 2 = 2X2 and U2+ T 2 = 2Y 2. Modulo 3,
U2+9T 2 = 2X2 is equivalent to U2 ≡ 2X2(3)⇔ U ≡ X ≡ 0(3). Also, U2+T 2 = 2Y 2
is equivalent to T 2 ≡ 2Y 2(3) ⇔ T ≡ Y ≡ 0(3). But then (T , U) = 1, so U2 + 9T 2
and U2 + T 2 do not have a common square-free divisor.
The remaining possibility is that U2+9T 2 = X2 and U2+T 2 = Y 2, or equivalently,
1 + 9t2 = x2 and 1 + t2 = y2 ⇔ t2 = y2 − 1 for t, x, y ∈ Q. Then 1 + 9(y2 − 1) =
x2 ⇔
(
3y
2
)2− ( x2
)2 = 2. The point ( 12 , 32
)
lies on this curve. A line through this point
with rational slope (M,N) intersects the curve again at
(
x
2 ,
3y
2
)
= ( 12 +Mk, 32 +Nk
)
,
where k = M−3N
N2−M2 . Substituting for k, we get y = 6−4m+6m
2
3(m2−1) , where m = MN . Then
t2 = 27m4−48m3+106m2−48m+279(m2−1)2 . So we need to ﬁnd all m = ±1 such that 27m4 −
48m3 + 106m2 − 48m+ 27 = v2 for some v ∈ Q.
Mordell’s transformation can be used since (m, v) = (1, 8) is a point on the curve
and we are again led to an elliptic curve. Let m = u+ 1 to get
v2 = 27u4 + 60u3 + 124u2 + 128u+ 64.
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Multiplying by 4
u4
and removing the cubic term gives
z2 = w4 + 7w2 + 64,
where w = 4
u
+ 2, z = 2v
u2
. Applying Mordell’s transformation and multiplying by 4236
we have
E : y2 = x3 − 22059x − 852390
= (x − 165)(x + 123)(x + 42),
where x = 18z + 18w2 + 21, y = 108wz + 108w3 + 378w. The discriminant of E is
210316232. Modulo 5 we have y2 ≡ x3 + x which has solutions (0, 0), (2, 0), (3, 0).
Thus the only rational points on E with ﬁnite order are the three with order 2. Working
back through the transformations, we ﬁnd that m = y+12(x+42)
y−12(x+42) . Then y = 0 corresponds
to m = −1 which is not allowed.
The curve E has rational points of order 2, so we can ﬁnd the rank as in the previous
theorem. Calculations show that the rank of E is 0, and hence the faces A15 and A17,
and A6 and A11, cannot simultaneously have rational area. 
Theorem 7.4. Faces A6 and A20 cannot both have rational area.
Proof. The only pair left to check is A6 and A20. If both have rational area, then
b(1− 3t2)
4(1+ 3t2) =
b(1− 3s2)
12s2
.
Rearranging, this becomes 6s2 − 3t2 = 1. Let s = S
U
, t = T
U
, for some S, T ,U ∈ Z
with gcd(S, T , U) = 1. Then 6S2− 3T 2 = U2 ⇒ 3|U ⇔ 9|U2 ⇔ 3|2S2− T 2. That is,
2S2 ≡ T 2(3)⇔ 3|S and 3|T . But then gcd(S, T , U) = 1. So faces A6 and A20 cannot
both have rational area. 
The following theorem summarizes the previous calculations and answers Q2.
Theorem 7.5. Let T be a tetrahedron with rational edges in arithmetic progression.
Then no more than one face of T can have rational area.
8. Tetrahedra with rational volume and a rational face area
We have shown that tetrahedra with edges in arithmetic progression can have rational
volume. We have also shown that tetrahedra with edges in arithmetic progression can
have one rational face area, so it is natural to ask whether any of these tetrahedra have
both.
The tetrahedron with edge lengths 6, 7, 8, 9, 10, 11, described in Fig. 1, is the only
tetrahedron found so far with rational volume (V = 48) and a rational face area ( = 24
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for the face with edges 6, 8, 10). The tetrahedron has conﬁguration A3.2, it’s rational
face has conﬁguration A6, and it arises when t = 13 , b = 8 in d = b(1−3t
2)
4(1+3t2) .
There are eight tetrahedron-face combinations of interest and for each case the search
for simultaneous rational volume and face area reduces to ﬁnding rational solutions to
an equation of the form x2 = At8 + Bt6 + Ct4 + Dt2 + E with integer coefﬁcients.
The equations all have genus 3 and hence, by Faltings theorem [5], we have:
Theorem 8.1. There exist only a ﬁnite number of tetrahedra with edges in arithmetic
progression having rational volume and a rational face area.
We are able to show that four of the conﬁgurations do not yield any such tetrahedra.
Theorem 8.2. A tetrahedron with conﬁguration A3.1 cannot have rational volume and
rational area for face A1.
Proof. Conﬁguration A3.1 requires
(12V )2 = (b + d)2(2b4 + 2b3d − 67b2d2 + 108bd3 − 81d4).
We saw in Section 7 that face A1 has rational area when d = b(1−3t2)3(1+t2) . Substituting
this into the volume equation gives
(12V )2 = 256b
6(−144t8 + 12t6 + 23t4 + 10t2 − 1)
81(1+ t2)6 .
A rational solution requires t such that −144t8+ 12t6+ 23t4+ 10t2− 1 = x2 for some
rational x = 0.
Let t = T
U
for T ,U ∈ Z with (T , U) = 1. Then we are concerned with integral
solutions to
X2 = −144T 8 + 12T 6U2 + 23T 4U4 + 10T 2U6 − U8. (8.1)
Considering the equation modulo 3 we have X2 ≡ 2T 4U4 + T 2U6 + 2U8. Applying
Fermat’s little theorem, this reduces to X2 ≡ 2U8 (mod 3). The only solution to this
congruence satisfying (T , U) = 1 is X = 3x,U = 3u and T , x, u ≡ 0 (mod 3) for
,1. Substituting this into (8.1) and dividing by 9 we have
32−2x2 = −16T 8 + 32−14T 6u2 + 34−223T 4u4 + 36−210T 2u6 − 38−2u8.
Since 1 and x2, T 8 ≡ 1 (mod 3), we have (3−1)2 ≡ 2 (mod 3) which is not possible
for any . 
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Corollary 8.3. A tetrahedron with conﬁguration A3.2 cannot have rational volume and
rational area for face A20.
Proof. Conﬁguration A3.2 requires
(12V )2 = b2(2b4 + 6b3d − 61b2d2 − 240bd3 − 256d4).
We saw in Section 7 that face A20 has rational area when d = b(1−3t2)12t2 . Substituting
this into the volume equation gives
(12V )2 = b
6(−729t8 + 810t6 + 207t4 + 12t2 − 16)
1296t8
.
A rational solution requires t such that −729t8 + 810t6 + 207t4 + 12t2 − 16 = x2
for some rational x = 0. Putting t = 13u and multiplying by 9u8 transforms this into
x2 = −144u8 + 12u6 + 23u4 + 10u2 − 1 which we saw in the proof of Theorem 8.2
has no solutions. 
Theorem 8.4. A tetrahedron with conﬁguration A3.1 cannot have rational volume and
rational area for face A17.
Proof. Conﬁguration A3.1 requires
(12V )2 = (b + d)2(2b4 + 2b3d − 67b2d2 + 108bd3 − 81d4).
We saw in Section 7 that face A17 has rational area when d = b(1−3t2)
(1+9t2) . Substituting
this into the volume equation gives
(12V )2 = 144b
6(1+ 3t2)2(−2025t8 + 1656t6 − 214t4 + 8t2 − 1)
(1+ 9t2)6 .
A rational solution requires t such that −2025t8 + 1656t6 − 214t4 + 8t2 − 1 = x2 for
some rational x = 0.
Let t = T
U
for T ,U ∈ Z with (T , U) = 1. Then we are concerned with integral
solutions to
X2 = −2025T 8 + 1656T 6U2 − 214T 4U4 + 8T 2U6 − U8. (8.2)
Considering the equation modulo 4 we have X2 ≡ 3T 8+2T 4U4+3U8 which is equiv-
alent to X2 ≡ −(T 4 + U4)2 (mod 4). The only solution to this congruence satisfying
(T , U) = 1 is X = 2x,U = 2u+ 1, T = 2t + 1 for 1 and x odd. Substituting this
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into (8.2) and dividing by 64 we have
22−6x2 ≡ 2(t + u+ t3 + u3 + t2u2 + t2u+ tu2 + tu)
+ 3(1+ t4 + u4)+ t2 + u2 (mod 4).
Substituting in any t, u gives (2−3)2 ≡ 3 (mod 4) which is not possible. 
Corollary 8.5. A tetrahedron with conﬁguration A3.2 cannot have rational volume and
rational area for face A11.
Proof. Conﬁguration A3.2 requires
(12V )2 = b2(2b4 + 6b3d − 61b2d2 − 240bd3 − 256d4).
We saw in Section 7 that face A11 has rational area when d = b(1−3t2)2(1+3t2) . Substituting
this into the volume equation gives
(12V )2 = 9b
6(−81t8 + 72t6 − 214t4 + 184t2 − 25)
4(1+ 3t2)6 .
A rational solution requires t such that −81t8 + 72t6 − 214t4 + 184t2 − 25 = x2 for
some rational x = 0. Putting t = 13u and multiplying by 81u8 transforms this into
x2 = −2025u8+1656u6−214u4+8u2−1 which we saw in the proof of Theorem 8.4
has no solutions. 
The remaining four cases involve faces A6 and A15. Referring to the formulae for
d in Section 7, we see that t must satisfy |t | < 1√
3
if the area of either face is to be
rational. For the volume of a tetrahedron to be rational, as well as a face area, t must
also satisfy one of the following equations:
For A3.1 and A15: x2 = −729t8 + 1080t6 + 218t4 + 8t2 − 1.
For A3.2 and A6: x2 = −81t8 + 72t6 + 218t4 + 120t2 − 9.
For A1.13 and A6: x2 = 729t8 + 1296t6 + 621t4 + 54t2 − 16.
For A1.15 and A15: x2 = −144t8 + 54t6 + 69t4 + 16t2 + 1.
We have already commented on the solution t = 13 to the second of these. From
this solution we can derive the corresponding solution t = 1 to the ﬁrst equation via a
t = 13u transformation like those used in Corollaries 8.3 and 8.5. This new solution is
really just a reincarnation of our old solution, resulting in the same tetrahedron if we
allowed d < 0.
The solution t = 0 to the fourth equation also satisﬁes |t | < 1√
3
, so we have d > 0.
However, in this case the volume is given by
(12V )2 = 4096b
6t4(−144t8 + 54t6 + 69t4 + 16t2 + 1)
9(1+ 5t2)6
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and so V = 0. The t = 13u transformation relates the third and fourth equations, as it
did for the other pairs. However, in this case the solution t = 0 to the fourth equation
does not correspond to a rational solution of the third equation.
Computer searches, expedited by the fact that the equations are covers of elliptic
curves of rank 1, 1, 2 and 2, respectively, have failed to ﬁnd any further solutions to
any of these four remaining cases. So on the basis of very little evidence we venture
to conjecture that there are no further solutions.
Conjecture 8.6. The tetrahedron shown in Fig. 1 is the only tetrahedron with edges
in arithmetic progression having rational volume and a rational face area.
Appendix A. Identifying the conﬁgurations
Tetra. u v w x y z Faces
A3.1 b − d b − 2d b b + 2d b + d b + 3d A1,A10,A15,A17
A3.2 b b − 2d b + 2d b + 3d b + d b − d A4,A6,A11,A20
A2.1 b − d b − 2d b b + 2d b + 3d b + d A1,A8,A15,A19
A2.2 b − d b − 2d b b + d b + 2d b + 3d A1,A9,A16,A17
A2.3 b b − 2d b + 2d b + d b + 3d b − d A2,A6,A13,A20
A2.4 b b − d b + d b + 2d b + 3d b − 2d A3,A7,A11,A20
A2.5 b + d b − d b + 3d b − 2d b b + 2d A3,A7,A15,A17
A2.6 b b − 2d b + 2d b + 3d b − d b + d A6,A9,A11,A16
A1.1 b − d b − 2d b b + d b + 3d b + 2d A1,A8,A16,A18
A1.2 b − d b − 2d b b + 3d b + 2d b + d A1,A9,A14,A19
A1.3 b − d b − 2d b b + 3d b + d b + 2d A1,A10,A14,A18
A1.4 b b − 2d b + 2d b − d b + 3d b + d A2,A6,A16,A18
A1.5 b + 2d b + d b + 3d b − 2d b b − d A2,A7,A12,A20
A1.6 b + d b b + 2d b + 3d b − d b − 2d A2,A7,A16,A17
A1.7 b + d b b + 2d b + 3d b − 2d b − d A2,A10,A13,A17
A1.8 b + 2d b + d b + 3d b b − d b − 2d A3,A5,A13,A20
A1.9 b + d b − d b + 3d b + 2d b b − 2d A3,A5,A15,A19
A1.10 b b − d b + d b − 2d b + 3d b + 2d A3,A9,A11,A19
A1.11 b + d b b + 2d b − d b − 2d b + 3d A3,A9,A13,A17
A1.12 b + 2d b + d b + 3d b − 2d b − d b A4,A5,A12,A20
A1.13 b b − 2d b + 2d b − d b + d b + 3d A4,A6,A14,A18
A1.14 b b − d b + d b − 2d b + 2d b + 3d A4,A8,A11,A19
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Appendix A. Continued
Tetra. u v w x y z Faces
A1.15 b + d b − d b + 3d b + 2d b − 2d b A5,A10,A12,A15
A1.16 b b − 2d b + 2d b + d b − d b + 3d A6,A9,A13,A14
A1.17 b b − d b + d b + 2d b − 2d b + 3d A7,A8,A11,A16
A1.18 b + d b − d b + 3d b b − 2d b + 2d A7,A8,A12,A15
A0.1 b + d b − 2d b − d b + 2d b b + 3d A2,A10,A12,A18
A0.2 b + 3d b − 2d b − d b + d b + 2d b A4,A5,A14,A19
A0.3 b + 3d b − 2d b − d b + 2d b b + d A4,A8,A12,A18
A0.4 b + d b − 2d b b + 3d b − d b + 2d A5,A10,A13,A14
Appendix B. Volume equations for the 30 conﬁgurations
Tetra. (12V )2 = Partner
A3.1 (b + d)2(2b4 + 2b3d − 67b2d2 + 108bd3 − 81d4) A3.2
A3.2 b2(2b4 + 6b3d − 61b2d2 − 240bd3 − 256d4) A3.1
A2.1 2b6 + 6b5d − 45b4d2 − 40b3d3 + 84b2d4 + 90bd5 − 241d6 A2.3
A2.2 2b6 + 6b5d − 57b4d2 − 72b3d3 + 27b2d4 + 54bd5 − 9d6 A2.4
A2.3 2b6 + 6b5d − 45b4d2 − 160b3d3 − 96b2d4 − 256d6 A2.1
A2.4 2b6 + 6b5d − 57b4d2 − 176b3d3 − 129b2d4 − 30bd5 − 25d6 A2.2
A2.5 (b + d)3(2b3 − 99bd2 − 241d3) A2.6
A2.6 b3(2b3 + 6b2d − 93bd2 + 144d3) A2.5
A1.1 2b6 + 6b5d − 49b4d2 − 28b3d3 + 167b2d4 + 142bd5 − 289d6 A1.8
A1.2 2b6 + 6b5d − 49b4d2 − 44b3d3 + 35b2d4 + 26bd5 − d6 A1.5
A1.3 2b6 + 6b5d − 57b4d2 + 16b3d3 + 159b2d4 − 30bd5 − 121d6 A1.12
A1.4 2b6 + 6d5d − 61b4d2 − 112b3d3 + 224b2d4 + 256bd5 − 256d6 A1.9
A1.5 2b6 + 6b5d − 49b4d2 − 172b3d3 − 157b2d4 − 38bd5 − d6 A1.2
A1.6 2b6 + 6b5d − 73b4d2 − 256b3d3 − 205b2d4 − 2bd5 − d6 A1.10
A1.7 2b6 + 6b5d − 81b4d2 − 124b3d3 − 177b2d4 − 234bd5 − 121d6 A1.14
A1.8 2b6 + 6b5d − 49b4d2 − 188b3d3 − 73b2d4 + 62bd5 − 289d6 A1.1
A1.9 2b6 + 6b5d − 61b4d2 − 152b3d3 + 164b2d4 + 266bd5 − 241d6 A1.4
A1.10 2b6 + 6b5d − 73b4d2 − 56b3d3 + 95b2d4 + 50bd5 − 25d6 A1.6
A1.11 2b6 + 6b5d − 97b4d2 − 452b3d3 − 1033b2d4 − 946bd5 − 289d6 A1.17
A1.12 2b6 + 6b5d − 57b4d2 − 264b3d3 − 261b2d4 + 54bd5 − 9d6 A1.3
A1.13 (b + 4d)2(2b4 − 10b3d − 45b2d2 − 40bd3 − 16d4) A1.15
A1.14 2b6 + 6b5d − 81b4d2 − 220b3d3 − 321b2d4 − 90bd5 − 25d6 A1.7
A1.15 (b − 3d)2(2b4 + 18b3d − 3b2d2 − 12bd3 − 9d4) A1.13
A1.16 2b6 + 6b5d − 109b4d2 − 224b3d3 − 1120b2d4 − 1024bd5 − 256d6 A1.18
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Appendix B. Continued
Tetra. (12V )2 = Partner
A1.17 2b6 + 6b5d − 97b4d2 + 44b3d3 − 289b2d4 − 170bd5 − 25d6 A1.11
A1.18 2b6 + 6b5d − 109b4d2 − 232b3d3 − 1132b2d4 − 998bd5 − 241d6 A1.16
A0.1 2b6 + 6b5d − 73b4d2 + 8b3d3 + 191b2d4 − 14bd5 − 121d6 A0.2
A0.2 2b6 + 6b5d − 73b4d2 − 320b3d3 − 301b2d4 + 62bd5 − d6 A0.1
A0.3 2b6 + 6b5d − 97b4d2 − 484b3d3 − 1081b2d4 − 866bd5 − 289d6 A0.4
A0.4 2b6 + 6b5d − 97b4d2 + 76b3d3 − 241b2d4 − 250bd5 − 121d6 A0.3
Appendix C. The possible face conﬁgurations
Face Edges Type (4)2 = Partner
A1 b − 2d, b − d, b A 3(b − d)2(b2 − 2bd − 3d2) A20
A2 b − 2d, b − d, b + d B 3b4 − 8b3d − 20b2d2 + 16bd3 A19
A3 b − 2d, b − d, b + 2d C 3b4 − 4b3d − 50b2d2 − 28bd3 + 15d4 A16
A4 b − 2d, b − d, b + 3d B 3b4 − 84b2d2 − 144bd3 A10
A5 b − 2d, b, b + d C 3b4 − 4b3d − 26b2d2 + 36bd3 − 9d4 A18
A6 b − 2d, b, b + 2d A 3b2(b2 − 16d2) A15
A7 b − 2d, b, b + 3d C 3b4 + 4b3d − 74b2d2 − 100bd3 − 25d4 A9
A8 b − 2d, b + d, b + 2d C 3b4 + 4b3d − 50b2d2 + 28bd3 + 15d4 A13
A9 b − 2d, b + d, b + 3d B 3b4 + 8b3d − 68b2d2 − 48bd3 A7
A10 b − 2d, b + 2d, b + 3d C 3b4 + 12b3d − 66b2d2 − 12bd3 + 63d4 A4
A11 b − d, b, b + d A 3b2(b2 − 4d2) A17
A12 b − d, b, b + 2d C 3b4 + 4b3d − 26b2d2 − 36bd3 − 9d4 A14
A13 b − d, b, b + 3d B 3b4 + 8b3d − 44b2d2 − 128bd3 − 64d4 A8
A14 b − d, b + d, b + 2d B 3b4 + 8b3d − 20b2d2 − 16bd3 A12
A15 b − d, b + d, b + 3d A 3(b + d)2(b2 + 2bd − 15d2) A6
A16 b − d, b + 2d, b + 3d B 3b4 + 16b3d − 20b2d2 − 48bd3 A3
A17 b, b + d, b + 2d A 3(b + d)2(b2 + 2bd − 3d2) A11
A18 b, b + d, b + 3d B 3b4 + 16b3d + 4b2d2 − 64bd3 − 64d4 A5
A19 b, b + 2d, b + 3d C 3b4 + 20b3d + 22b2d2 − 20bd3 − 25d4 A2
A20 b + d, b + 2d, b + 3d A 3(b + 2d)2(b2 + 4bd) A1
The letters A, B and C refer to the type of face. If the edges of the face are in
arithmetic progression then the face is type A. Type B has semiperimeter s = 3b2 + kd2 ,
where k is even, and type C has s = 3b2 + kd2 , where k is odd.
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